Including Antenna Mispointing in a Semi-Analytical
Model for Delay/Doppler Altimetry physical parameters of interest. Enhancing the parameter quality is an important issue that has been receiving considerable attention in the altimetry community. Many studies related to conventional altimetry (CA) have been devoted to improve the well-known Brown model [10] in terms of quality of estimation [11] - [13] . On the other hand, the increase of resolution in DDA is achieved by using the information contained in the Doppler frequency (related to the satellite velocity). This resolution improvement can be advantageously exploited to process altimetric measurements closer to the coast (note that the processing of coastal waveforms has received some recent attention in the literature [14] - [17] ). Indeed, one can expect to extract useful information from oceanic cells located up to 300 m from the coast, whereas the minimum accepted distance is about 10 km for CA. As in CA, the mean power of a delay/Doppler echo is expressed by a convolution of three terms that are the probability density function (PDF) of the heights of the specular scatterers, the time/frequency point target response (PTR) of the radar, and the flat surface impulse response (FSIR) [18] , [19] . The first term, i.e., PDF(t), is considered as a zero-mean Gaussian function whose standard deviation is related to the significant wave height (SWH) parameter [10] , [13] . The second term, i.e., PTR, can be measured as explained in [20] and is well approximated by a product of two sine cardinal terms as in [18] , [21] , and [22] . The third term, i.e., FSIR, includes the shape information about the resulting altimetric echo. This term has been numerically approximated in [4] and [23] , whereas an analytical model was proposed in [22] . However, the model in [22] was developed with simplifying assumptions and did not consider any antenna mispointing, which may lead to reduced estimation performance in practical applications. Note also that the previous terms could be jointly evaluated as presented in [3] , which provided an integral expression including the FSIR and the effect of the azimutal processing while considering a Gaussian approximation for the Doppler PTR. However, the assumption of a Gaussian PTR might reduce the estimation performance as already observed in CA [24] , [25] .
The first contribution of this paper is the derivation of a generalized analytical model for the FSIR that accounts for antenna mispointing. The proposed analytical expression for the FSIR also considers Earth curvature, a circular antenna pattern and a Gaussian approximation for the antenna gain as in [10] , [22] . This analytical expression is established using two approximations that are analyzed and justified by deriving an upper bound for the error between the exact FSIR and its approximation. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
convolution between the proposed analytical FSIR expression, the PDF of the sea wave heights, and the time/frequency PTR. The resulting DDM depends on five altimetric parameters: epoch τ , SWH, amplitude P u , along-track mispointing angle ξ al , and across-track mispointing angle ξ ac . Appropriate processing, including range migration and multilooking, is applied to the resulting DDM, yielding the multilook echo. The behavior of this echo is analyzed as a function of the direction of antenna mispointing. Since the mispointing has a different behavior on beam-limited and pulse-limited altimetry [26] , [27] , the study separates along-and across-track mispointing angles. The second contribution of this work is the derivation of estimators for the parameters associated with the previously derived multilook echo. This paper considers a least squares (LS) technique as in [18] , [21] , [22] , [28] , and [29] based on a Levenberg-Marquardt algorithm for parameter estimation. Since the antenna mispointing results in high correlation between the along-track mispointing and the echo's amplitude, a four-parameter estimation strategy is proposed to reduce the number of parameters to estimate (initially equal to five). To evaluate the different LS strategies, we compare their estimation performance to the model in [22] (involving three parameters only). The proposed model and algorithms are validated with simulated and real Cryosat-2 data. The obtained results are very promising and confirm the accuracy of the proposed model. This paper is organized as follows. Section II presents the proposed generalized semi-analytical model for DDA and analyzes its behavior as a function of antenna mispointing. The LS estimation algorithm and the criteria used for its validation are introduced in Section III. Section IV justifies the approximations used to obtain the analytical FSIR. The proposed model and estimation algorithms are also validated using simulated and real Cryosat-2 data. Conclusions and future work are finally reported in Section V.
II. SEMI-ANALYTICAL MODEL FOR DDA
This section introduces the proposed semi-analytical model for delay/Doppler waveforms. The interest of this model compared with the previously published model [22] is that it includes parameters related to antenna mispointing.
A. Delay/Doppler Convolution Model
The mean power of a delay/Doppler echo can be expressed as the convolution of three terms: the time/frequency FSIR, the PDF of the heights of the specular scatterers, and the time/frequency PTR of the radar as follows [18] , [19] :
with where t is the two-way incremental ranging times expressed as t = t − (2h/c), with t the travel time of the echo from the instant of transmission, h is the altitude of the satellite, c is the speed of light, T is the sampling period, F is the frequency resolution, and σ s is linked to the SWH by σ s = SWH/2c (an extended glossary of notations is available in [30] ). Note that the PDF can be generalized to account for wave asymmetry [11] and that a measured PTR can be used. The proposed analytical expression for the first term (FSIR) is described in the following section.
B. Proposed Analytical Model for FSIR
In CA, the FSIR depends only on time and is obtained by integrating the power of the backscattered altimetric echo over the illuminated area of the surface as follows [10] :
where ρ are φ are the radius and the angle representing the polar coordinates, r = ρ 2 + h 2 is the range between the satellite and the observed surface as shown in Fig. 1, δ(t) is the Dirac delta function, G is the power gain of the radar antenna, σ 0 is the backscatter coefficient of the surface, 1 λ is the wavelength, and L p is the two-way propagation loss.
The DDA was proposed to increase the along-track resolution by considering the Doppler effect resulting from the satellite velocity. The corresponding FSIR is then obtained by integrating over each Doppler beam. The nth Doppler beam at time instant t depicted in Fig. 2 is characterized by an angle φ varying in the interval The integral with respect to ρ in (4) can be analytically computed by considering (ct/h) 1 and a Gaussian approximation for the antenna gain as follows [10] :
with
and ξ andφ denote mispointing angles with respect to the z-and x-axes, respectively (see Fig. 1 ), G 0 is the antenna power gain at boresight, γ = (1/2 ln 2) sin 2 θ 3 dB is an antenna beam width parameter, and θ 3 dB is the half-power antenna beam width. Note that the Cryosat-2 altimeter has an elliptical antenna that could be considered as shown in [32] , which studied the FSIR in CA. However, we considered in this paper a circular antenna for simplicity (the generalization can be done at the price of a possible significant increase in model complexity). The following result is obtained (see the Appendix):
where U (.) is the Heaviside function, and
In the given notations,
with n ∈ {1, . . . , NN f }, is the nth Doppler frequency, 2 N = 64 is the number of pulses per burst, N f is the frequency oversampling factor, y n is the coordinate of the nth along-track beam, v s is the satellite velocity, and Re(x) denotes the real part of the complex number x. In [22] , an analytical expression of FSIR(t, n) was derived by considering the case of an antenna without the mispointing angle, i.e., ξ = 0. In this paper, the case of a nonzero mispointing angle ξ is taken into consideration.
A change of variables u =φ − φ in (7) leads to
where the parameters (t, ξ) in a and b are omitted for brevity.
Using the results in [33, p. 376; see eq. (9.6.34)], the following expressions are obtained:
where I k is the kth order modified Bessel function of the first kind.
1) First Approximation:
The infinite sum of Bessel functions appearing in (13) can be reduced to
with a small loss of accuracy because of the very small values of the positive variable b. Indeed, the zero-order Bessel function is sufficient to approximate this sum since the maximum value of b(t, ξ) (considering a pessimistic case ξ = 1 degree) is less than 8 × 10 −4 . The error associated with this value of b is upper bounded as follows:
which is a negligible error since it represents 0.04% of exp(b/2) (this approximation will be further justified in the rest of this paper). By using (12)- (14), we obtain the approximation FSIR(t, n) FSIR 1 (t, n), where
and where
2) Second Approximation: The infinite sum in (16) can be truncated by keeping a finite number m of elements according to the desired precision. The resulting FSIR, including the mispointing angles ξ andφ, can be finally approximated as FSIR(t, n) FSIR 2 (t, n), where
where [1 + (ct/2h)] −3 might be approximated by 1 as in [10] . Note that the proposed model (18) reduces to the model in [22] for ξ = 0
• (absence of mispointing angle) since a(t, ξ = 0) = b(t, ξ = 0) = 0. Finally, the Earth curvature can be introduced by dividing the time t in (18) by the curvature factor α = 1 + (h/R) = 1.11, where R = 6378137 m is the Earth radius [22] , [26] , [34] .
C. Multilook Model
The reflected power P (t, f ) associated with a DDM is obtained by a numerical computation of the double convolution (1), where FSIR(t, f ) is approximated by the analytical expression (18) , and PDF(t) and PTR(t, f ) are given in (2) . 3 This convolution has to be computed after applying appropriate time and frequency oversampling, a time shift by epoch τ , and an undersampling as in [22] . The multilook model is formed by summing the migrated Doppler beams as follows (see [1] , [3] , and [22] for more details about range migration):
where
n is the delay compensation expressed in seconds. Note that each ground Doppler beam is observed by N p > N pulses resulting in N p signals. However, we consider in this paper that we obtain only N = 64 different signal shapes while the other observations will only reduce the noise level (i.e., the shape of successive signals is almost the same). Note also that the resulting model (19) is parameterized by the parameter vector θ = (SWH, P u , τ, ξ ac , ξ al )
T , where ξ ac and ξ al are the across-track (i.e., roll angle) and along-track (i.e., pitch angle) mispointing angles defined as
An example of reflected power P 2 (t, f ), obtained with the model (18) for FSIR 2 (t, f ), is displayed in Fig. 3 (left) for 64 Doppler beams, 128 samples (or so called "gates"), the altimetric parameters P u = 1, SWH = 1 m, τ = 44 gates, ξ al = ξ ac = 0.1 • and other parameters (valid for the rest of this paper) summarized in Table I . This figure shows an ellipsoidal shape of the waveform resulting from the increasing slant range when going away from the central nadir beam. Fig. 3 (middle) shows an example of a DDM obtained after range migration, whereas Fig. 3  (right) shows the resulting multilook echo obtained after summing the contributions of the migrated Doppler beams. Note finally that the discrete multilook echo is gathered in the vector s = (s 1 , . . . , s K ) T , where K = 128 gates and s k = s(kT ). 
D. Analysis of FSIR Versus Mispointing Angles
Antenna mispointing is introduced by means of two variables ξ andφ, which are directly related to the along-and acrosstrack mispointing angles, as shown in (20) . It is interesting to analyze the effects of these two variables on the resulting echo. The proposed model sums the energy backscattered by the sea surface to yield a 2-D flat surface impulse response FSIR(t, f ). The temporal dimension is introduced by the propagation circles where each time instant is related to a circle of radius ρ(t) = √ hct, whereas the frequential dimension is introduced by the rectangular Doppler beams [22] . While this mapping remains constant with respect to the mispointing angles, the backscattered energy depends on ξ andφ via the antenna gain in (5). Fig. 4 illustrates the behavior of the antenna gain for different values of mispointing angles. In the absence of mispointing, the maximum of the antenna gain occurs at x = y = 0. However, the along-track mispointing (see Fig. 4 , bottom left) moves the maximum along the y-axis, whereas the across-track mispointing (see Fig. 4 , bottom right) moves it along the x-axis, as expected. This behavior of the antenna gain induces different effects on the corresponding multilook echo. Consider first the along-track mispointing. beams to the higher Doppler beams (because of the move of the antenna gain along the y-axis). This along-track mispointing reduces the amplitude of the multilook echo as shown in Fig. 6 (top), whereas it does not change the shape of the waveform as shown in Fig. 6 (bottom) representing normalized waveforms. Fig. 7 shows the DDM obtained with an across-track mispointing angle ξ ac = 0.5
• and ξ al = 0
• . This figure shows an energy migration from the low time gates to the high time gates (because of the move of the antenna gain in the x-axis). This across-track mispointing reduces the amplitude of the multilook echo as shown in Fig. 8 (top), but it also affects the shape of the waveform as shown in Fig. 8 (bottom) representing normalized waveforms. These results are in agreement with those obtained in the SAMOSA (synthetic aperture radar altimetry mode studies and applications) project [35] , for example. Note finally that the obtained results show that the shape of the multilook echo depends on the parameter vector (SWH, τ, P u , ξ ac ) while ξ al mainly affects the amplitude of the waveform. Therefore, we will be interested in estimating these four parameters when considering ξ al = 0
• in the following.
III. PARAMETER ESTIMATION
This section investigates the different methods for estimating the parameters of the multilook echo (19) from noisy measurement. The LS procedure considered for this estimation is presented in Section III-A, whereas the criteria used for performance evaluation are reported in Section III-B.
A. Estimation Algorithm
The considered LS estimator is defined aŝ
where g k (θ) = y k −s k (θ) is the vector of residues, and y = (y 1 , . . . , y K ) T is a noisy version of s(θ) = [s 1 (θ), . . . , s K (θ)] T , which depends on the parameter vector of interest θ. In this paper, we propose to solve (21) using the same numerical optimization method as in [22] , i.e., by using the LevenbergMarquardt algorithm [36] . This algorithm uses a gradient descent approach to update θ as follows:
where θ (i) is the estimate of θ at the ith iteration, J = J(θ
, J is the number of parameters to estimate, I J is the J × J identity matrix, and μ is a regularization parameter. The application of the recursive parameter update (22) requires to compute the derivatives of the residues ∂g(θ) ∂θ j . In this paper, we propose to compute these derivatives numerically as follows:
B. Estimation Performance
For synthetic waveforms, we propose to evaluate the estimation performance of the LS estimator by considering its rootmean-square error (RMSE), bias (Bias), and standard-deviation (STD) defined as
where θ i is the true parameter,θ i (j) is the estimated parameter for the jth waveform, and N MC is the number of simulated waveforms (generated with the same value of θ i but with different noise realizations).
For real Cryosat-2 waveforms, the estimated parameters will be compared with those obtained with the model in [22] to show the potential gain obtained with a model accounting for the antenna mispointing. The normalized reconstruction error (NRE) defined by
will also be used to evaluate the quality of the fit between the jth real echo y(j) and the proposed model. Note finally that the averaged NRE (ANRE) is also used when considering N MC real echoes, i.e.,
IV. SIMULATION AND IN-ORBIT RESULTS
This section presents simulation results obtained with the proposed model. The approximations used to obtain the analytical FSIR are first justified. The quality of the proposed model and the corresponding estimation algorithms is then evaluated by considering simulated and real Cryosat-2 waveforms.
A. Justification of the FSIR Approximations
This section validates model (18) by comparison with an "exact model" resulting from a numerical computation of integral (10) . This validation is conducted by analyzing the errors introduced by the two successive approximations. The normalized quadratic error (NQE) defined by
is used to compare the exact multilook echo r obtained by numerically convolving the FSIR (10) with (2a) and (2b) and the approximated multilook echo s obtained using the proposed approximated FSIR (18) . Note that the study of this error will allow for the fixing of the number m of terms in (18) . Fig. 9 shows the global error NQE (continuous line) as a function of m for different mispointing angles (the across-and along-track mispointing provide similar results). This figure also shows a theoretical upper bound for NQE (crossed line), which was derived in [30] and [37] . The interested reader is invited to consult [30] and [37] for more details about the computation of this upper bound denoted as NQE max in this paper. Note first that the global error is always below the theoretical maximum error NQE max , as expected. Moreover, Fig. 9 shows that the error is an increasing function of the mispointing angles and that it decreases when the number of terms m increases. This result was expected since increasing m provides a better approximation of the infinite sum in (16) . Note also that some simulation results have shown that the minimum NQE obtained between a noisy echo and an echo without noise is about 7 × 10 −2 , which means that we have to consider a value of m that provides a lower error. For the pessimistic case ξ = 1
• , m = 6 is sufficient to obtain the desired error level. This value will be considered in the rest of this paper.
B. Simulated Waveforms 1) Generation:
To generate realistic waveforms, the multilook signal s(t) of (19) is corrupted by speckle noise as in [22] and [38] , resulting in a noisy echo y(t) defined by
where q(t, n) is a multiplicative independent and identically distributed speckle noise distributed according to a gamma distribution Γ(L, 1/L), where L is the number of bursts observing a surface beam (L = 4 in our simulations, which means that N p = LN = 256 pulses). The noise level can be evaluated using the equivalent number of looks (ENL) defined in [3] , [38] , and [39] as follows:
where E(.) is the expectation operator. The ENL depends on the time instant and is equivalent to the number of independent intensities averaged in each time gate. It has a mean value close to 150 independent looks, which can be expressed in decibels as SNR dB = 10 log(ENL) 21 dB. The reader is invited to consult [22] and [38] for more details about speckle noise generation.
2) Estimation Scenarios:
The proposed multilook model defined in (19) depends on five altimetric parameters contained in the unknown parameter vector
T . There are different ways to take advantage of this model.
• Replace ξ al and ξ ac by known mispointing angles 5 and estimate the three remaining parameters (SWH, P u , τ) T by the Levenberg-Marquardt algorithm. The resulting estimation strategy will be denoted as G-DDA3 (for generalized delay/Doppler altimetric model with three unknown parameters).
• Estimate the five parameters (SWH, P u , τ, ξ ac , ξ al )
T by the Levenberg-Marquardt algorithm. Due to the strong correlation between ξ al and P u , we have observed that this strategy does not provide interesting results (see [30] for more details). As a consequence, we consider an alternative approach where ξ al is set to 0, and the four remaining parameters are estimated using the Levenberg-Marquardt algorithm. This strategy will be referred to as DDA4 (for DDA with four unknown parameters) in this paper. Of course, the estimations provided by G-DDA3 and DDA4 need to be compared with those obtained with the algorithm in [22] denoted as DDA3. It is the objective of the following section.
3) Parameter Estimation: This section evaluates the performance of the proposed algorithms for simulated multilook waveforms. All results presented in this section have been averaged using N MC = 500 Monte Carlo runs (with the same parameters but with different noise realizations). The first experiment considers a fixed parameter vector (P u , τ, ξ ac , ξ al ) T = (1, 31 gates, 0
• , 0 • ) T (corresponding to an absence of mispointing) with varying SWH. Fig. 10 shows the parameter RMSEs obtained with DDA3 and DDA4 (G-DDA3 is the same as DDA3 since ξ ac = ξ al = 0
• ). This figure shows a similar performance for DDA3 and DDA4 algorithms. Thus, there is no performance reduction when estimating the across-track mispointing angle ξ ac in the absence of mispointing. Note that DDA4 also provides an estimation of ξ ac with a constant RMSE close to 0.035
• for different values of SWH. The second set of experiments evaluates the performance of the proposed algorithms for the parameter vector
T with varying ξ ac . Fig. 11 shows that G-DDA3 (in which we consider the actual values of mispointing angles) and DDA4 similarly behave for the parameters SWH, τ , and P u (the corresponding RMSEs belong to the same intervals [0.28, 0.34] m, [4, 5] cm, and [0.01, 0.03]). This similarity in the RMSE of SWH, τ and P u (when considering DDA4 and G-DDA3) for different values of ξ ac , shows that the presence of across-track mispointing does not affect their estimation. Conversely, the DDA3 algorithm is more sensitive to the mispointing angle ξ ac and shows a bad performance for large values of this parameter (the RMSE exceeds 40 cm for SWH, 6 cm for τ , and 0.08 for P u when ξ ac > 0. 25 • , as shown in Fig. 11 ). Fig. 11 (bottom right) finally shows that RMSE(ξ ac ) is a decreasing function of ξ ac . This property can be explained by the fact that the delay/Doppler altimetric waveform is less peaky for large values of ξ ac (see Fig. 8 ), facilitating the distinction between waveforms. To summarize, the results obtained in this section illustrate the good performance of the DDA4 algorithm for estimating the altimetric parameters (SWH, P u , τ) and the mispointing angle ξ ac for synthetic data.
C. CRYOSAT-2 Waveforms
This section evaluates the performance of the proposed model and algorithms for real oceanic Cryosat-2 waveforms. The considered data set lasts approximately 400 s and was obtained in May 2012 by the Cryosat processing prototype (CPP) developed by the Centre National d'Études Spatiales (CNES) [41] (which is doing level-1 processing). Note that the CNES-CPP uses data preprocessed to a full bit rate provided by the European Space Agency [42] . Fig. 12 shows an example of the estimated Cryosat-2 echo obtained with DDA4. As for DDA3 (see [22] ), this figure shows an excellent fit between the two echoes and a very low difference between them. 6 The goodness of fit can be quantified by the NRE criteria introduced in Section III-B. Fig. 13 shows the obtained NREs when considering the three estimation strategies for 100 s of data. This figure allows the performance of the different algorithms to be compared. DDA4 provides the best fit between the observed echo and the proposed model, followed by G-DDA3 and DDA3. Table II summarizes the obtained ANREs  when considering the different DDA strategies confirming the TABLE II  AVERAGED NRE WHEN CONSIDERING DDA3,  G-DDA3, superiority of the DDA4 algorithm. Note that this performance gain was expected since the estimation of more parameters generally leads to a better fit (provided that the criterion to optimize with additional parameters is not strongly multimodal). Considering the estimated parameters, Fig. 14 shows a good agreement between the three estimation strategies when considering the parameters τ and SWH (for 100 s of data). Fig. 15 shows the histograms of the estimated parameter ξ ac when considering DDA4. This figure shows that real data present relatively small mispointing angles distributed around an estimated value of ξ 0.146
• , which is in agreement with the results in [40] , where ξ is estimated around 0.1282
• when considering Cryosat-2 data. TABLE III  MEANS AND STDS FOR DDA3, G-DDA3, AND DDA4 ALGORITHMS.  ALONG EACH STD COLUMN, THE FIRST SMALLER VALUE IS  IN GREEN, AND THE SECOND SMALLER VALUE IS IN RED similar performance, as shown in Fig. 11 . As a consequence, G-DDA3 has to be preferred since it estimates less parameters, leading to a reduced computational time. However, when considering Cryosat-2 echoes, the values of the mispointing angles are only approximately known. In this case, DDA4 performs better than G-DDA3 run with the approximated angles provided by Cryosat-2. The obtained results show that DDA4 allows the variability of the mispointing angles with respect to the estimated angles provided by the star trackers to be mitigated when compared with G-DDA3.
V. CONCLUSION
This paper has defined a generalized semi-analytical model for delay/Doppler altimetry, taking into account the effect of antenna mispointing. This model is based on a closed-form approximation of the flat surface impulse response derived under the assumption of a circular antenna pattern, no vertical speed effect, and uniform scattering. The approximations used to elaborate the proposed analytical formula for the flat surface impulse response were studied and quantified. The proposed model showed that the across-track mispointing angle affects the shape and the amplitude of the altimetric echo, whereas the along-track mispointing angle mainly affects the amplitude of the echo. There are different ways of exploiting the proposed model. Two different least squares estimation algorithms were investigated depending on the knowledge or the absence of knowledge about mispointing angles. Both algorithms provided promising results. Future work includes the consideration of the vertical speed effect and the thermal noise in the proposed model. It also includes the generalization of the proposed model by considering an elliptical antenna, as studied in [32] , for the case of conventional altimetry. Considering other estimation strategies such as the maximum-likelihood estimator is also an interesting issue.
APPENDIX INTEGRAL WITH RESPECT TO ρ FOR THE FSIR
This section presents more details about the computation of the integral with respect to ρ to obtain the FSIR in (7) . Using r = h √ 1 + 2 , (4), and (5) exp f φ − φ, (t ), ξ dφ. (34) Note finally that (34) reduces to (7) by replacing t by its expression as a function of t, i.e., t = t + (2h/c).
